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Abstract

We consider the continuum limit of the relativistic Toda lattice. In particular,
we propose a method in order to ‘integrate’ this system of nonlinear
partial differential equations for some particular initial data and boundary
conditions, before possible shocks. First, we recall the relation between the
finite relativistic Toda lattice and the theory of discrete Laurent orthogonal
polynomials. Our analysis is then based on some results for the asymptotic
theory of discrete Laurent orthogonal polynomials with varying recurrence
coefficients and the connection with a constrained and weighted extremal
problem for logarithmic potentials.

PACS numbers: 02.30.1k, 02.30.Nw, 02.30.Em, 02.30.Gp
Mathematics Subject Classification: 37K15, 42C05, 31A10

1. Introduction

1.1. The finite relativistic Toda lattice

After some change of variables Bruschi and Ragnisco [4, 5] showed that the finite relativistic
Toda lattice (RTL), introduced by Ruijsenaars [30], can be written in the form

)

<N
1.1
<N-1. (1.1)

dn,N = an,N(bnfl,N - bI‘L,N)v 1<n

B
bn,N = bn,N(an,N - an+1,N +bn71,N - bn+1,N)s 1 < n

with operator data a, vy > 0,1 < n < Nand b,y > 0,1 < n < N — 1, and with
boy = 0,by y = 0. This system of nonlinear differential equations was already studied in
[4, 5, 8,9, 29, 33-36]; for a review see [24]. There exist several matrix representations for
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system (1.1). For example, using the two bidiagonal matrices

aip N 1 0 s 0
0 a N 1
Ly=|: -~ -~ -~ o |
1
0 0 ann
(1.2)
1 0 0
My = 0 ,
: .. . 1 0
0 e 0 _bN—l,N 1
see [35, 36] and also [9], system (1.1) has the Lax form
Ly =LyAy — ByLy My = MyAy — ByMy, (1.3)

where Ay = —(My'Ly)_and By = —(LyMj")_, proving integrability. Here we use X_
to denote the strictly lower triangular part of X.

In a similar way as was done by Moser [27, 28] for the nonrelativistic case, in [9] the
authors solved the corresponding Cauchy problem for positive initial operator data, which
consists of finding a, y(¢), b, y(t), with t > 0, satisfying the differential equations (1.1).
Here they made use of a bijective spectral transform of the form

AL Ny sy >0 O<Aiiny < <Aywn
b N , (1.4)
bl,Nv ~--abN71,N >0 wl,N, ey wN,N > 0, Z_j:l wj,N =1

based on the spectral theory of the pair of bidiagonal matrices Ly and My, and then computed
the exact evolution of the spectral data.

Direct spectral transform. Start froma, y > 0,1 <n < Nandb,y >0,1 <n <N —1,
and

e construct the pair of bidiagonal matrices (Ly, My) as in (1.2),

e compute their positive and simple generalized eigenvalues A; y < --- < Ay y and the
corresponding left and right eigenvectors i; y and v; y, normalized to have their first
component equal to 1:

LyVjn =AjnMyYj N, ﬁ;l:NLN = kj,Nﬁ;NMN, I<j<N,
- Syl ; . .
o define wjy = (u}NMij,N) > 0,1 < j < N, which satisfy Z?’Zl w;y =1
Evolution of the spectral data. The X ; y are time independent and

w;,n (0) e~ Hi!

SN wen (0) ehent’

wj (1) = 1<j<N. (1.5)
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Figure 1. The scheme of the direct and inverse spectral problem.

Inverse spectral transform. Start from positive A;y, w;y,1 < j < N, satisfying

Zj.v: L wj ~ = 1, and compute the terminating continued T-fraction [13, 15]

N
binz

— A,
ST TMN i —ay —

bynz

Z—danN —
I —asnN—

_by_inz

Z—an,N
For a proof of the properties of the spectral data, their evolution in time and the inverse spectral
transform, we refer to [9]. The scheme in figure 1 then illustrates how to solve the finite RTL.
In [9] the authors also showed that this spectral transform is closely connected to the
theory of Laurent orthogonal polynomials [13, 15-18, 31]. Note that the connection of the
RTL with such polynomials was mentioned in the literature before, see, e.g., [38]. In particular

we can define monic polynomials P, y by

Py =1, Py n(z) =det(zM, n — L, n), I<n<N, (1.6)

where L, y and M, y are the n x n upper left corner blocks of Ly and My, respectively.
Evidently, the A ; 5 are now the zeros of Py x. An equivalent definition of these polynomials
is given by the recurrence relation

Pon@) =@ —apn)Pi—in(@) — byt 2P N (2), I1<n<N, (1.7)

with Py y = 1, P_; y = 0, emphasizing the relation with the generalized eigenvalue problem
for the pair of matrices (L, My). It is then easily proven that

N

Z Py nAjn)Pun(XjN)
=1

W
ﬁ:o, if 0<m<n<N-1,
j.N

so that they are the monic Laurent orthogonal polynomials with respect to the discrete
probability measure puy = Z;V:l w; NG, - Here by §;,, we denote the Dirac measure
at the point A ; y.
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1.2. The continuum limit of the relativistic Toda lattice

We now look what happens with the solution of system (1.1), with # — N, for large N. In
particular, assume that the limits

/llivm ap N(Nt) = a(x,1), 0<x <1, (1.8)
/llivm by n(Nt) = b(x,1), 0<x<1, b(0,t) =b(1,1) =0, (1.9)

exist (which is then uniform in x for N — o00), where the limit is taken over any sequence
{(nj, Nj)}j>1 for whichn; — oo, N; - oo andn;/N; — x as j — oo. Note that these
limit functions are continuous and non-negative. Under appropriate conditions, a(x, t) and
b(x, t) then satisfy the system of nonlinear partial differential equations

da ob b da ob
=-b|—+2—,
0x 0x

. —_ = 1.10
or . ax ot (1.10)
with non-negative initial conditions a(x, 0), b(x,0),0 < x < 1 and boundary conditions
b(0,t) = 0,b(1,t) = 0. We call this system the continuum limit of the relativistic Toda
lattice. It is easy to see that, for positive initial conditions, this is an example of a hyperbolic

PDE. Note that, applying the bijective transformation

a,b>20r— (a,p) = ((Va +b— \/Z)z (Va +b+«/5)2) with 0 <o <6, (1.11)
system (1.10) reduces to the simpler form

do _ Ja(VB — o) da B VBWB—J)ip
ar 2 dx ar 2 ax’

Taking a = 0, or equivalently @ = 0, the system reduces to the well-known inviscid Burgers
equation.

In this paper we first of all study the asymptotic zero distribution of Laurent orthogonal
polynomials with varying recurrence coefficients, see section 2. Next, we try to solve the
continuum limit of the RTL (1.10), with some particular initial conditions a(x, 0), b(x, 0), 0 <
x < 1, and with boundary conditions b(0,¢) = 0, b(1,t) = 0, before possible shocks. In
particular, in sections 3, 4 and 5 we give some justification (under rather strong conditions)
for the procedure below, based on the integration of (1.1) as in section 1.1 and the asymptotic
theory of discrete Laurent orthogonal polynomials. After constructing initial discrete operator
data for system (1.1) from a(-, 0), b(-, 0), we assume that for # > 0 the limits (1.8), (1.9) exist
and satisfy (1.10). To justify the existence of these limits we need an asymptotic formula for
the ratio of two consecutive discrete Laurent orthogonal polynomials. However, as in the case
of discrete orthogonal polynomials, for discrete Laurent orthogonal polynomials this is still
an open problem.

(1.12)

e Start from initial operator data a(-, 0) = a(-) and b(-, 0) = b(-) in C[0, 1] for which
a(x) >0, 0<x<«<1, b(x) > 0, O0<x <1, b =b1)=0.

Furthermore, we require that log b(x) = o(ﬁ) forx | 0,x 1 1, and that for each
A E [mil’logxgl o (x), maxog<x<1 B(x)] the set

- (), x4 (M) :={x € [0, 1] : & € [a(x), B(x)]}

is an interval, where the functions «, B are defined from @ and b by (1.11). The spectral
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data at time ¢ = O are then

1
O‘(O) = / Ula(x),ﬂ(x)] d)C, (113)
0
x_(M)
R(A,0) = —/ (8la@), a1 (A, O0) + gra), pan1 (X, 0)) du, (1.14)
0
where, for0 < o < 8,
1 A+ /o
d A — , A€ [a, B,
Ment®) 2 - o @ o Pl
0, elsewhere,
and
27— (@+B)+2J/z—a)z—P)
log z—(@+p) (z—a)z—B) ’ 2 e C\[a. 1.
8la,p1(z, 00) = B—«a
0, 7 € [a, B],
o+ B)z —2aB + 2/« z—a)(z—
log (o + B) B +2Vap/( )z —PB) ’ 2 e C\la. A,
8a.p1(2,0) = 72(B —«a
0, z € [a, B,
which are the Green functions of the complement of [«, 8] with pole at co and O,
respectively.
e Take, for r > 0, the time evolution
o(t) =0(0) =o, (1.15)
R(\,t) = —At+ R(A,0) — max (—Ar+ R(A,0)), (1.16)
Aesupp(o)

with supp(o) = [minggy<1 @ (x), maxogegi B(X)].
o Finally, consider the logarithmic extremal problem with constraint o and external field
— % (xU% + R), linearly depending on the mass x of the measure:

Jr(tye; x) = min  Jg(u; x), 0<x<l,
nR)=x,u<o

with
1
Tr(p; x) = // log 17— du() du(y') +f(x logy — R(y)) dpu(y).

These measures 7,0 < x < 1, are also characterized as the unique measures with mass
x, constrained by o and satisfying the variational conditions

Zw(ty), A € supp(0 — Ty),

U= + % log A — %R()\) =w(ty), A € supp(o — 1,) Nsupp(ty) =: X(Ty),
Sw(t), A € supp(zy),

for some constants w(z,) € R, where U*(z) = — flog |z — yldu(y). As long as, for

t > 0, the regions of equilibrium X (7, 1),0 < x < 1, are all intervals (different from a
singleton), we have

(1, t) = [a(x, 1), B(x, 1)], 0<x <. (1.17)
After applying the inverse of (1.11), this then gives the solution of (1.10) atz > 0.
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For the continuum limit of the Toda lattice a similar analysis was done in [1] by means
of the asymptotic theory of discrete orthogonal polynomials, see, e.g., [10, 19, 20] for a more
detailed study. The relation with extremal problems occurred in the literature before, see,
e.g., the zero dispersion limit of Korteweg—de Vries equation [26] and the defocusing cubic
nonlinear Schrodinger equation [14].

2. The asymptotic zero distribution of Laurent orthogonal polynomials
with varying recurrence coefficients

2.1. Introduction

Let u be a positive measure on R* for which all the strong moments exist. Then, the
sequence of monic Laurent orthogonal polynomials {P,},>o with respect to y are defined by
the orthogonality relations

n

an(y)yszo, k=0,...,n—1. 2.1)

Such polynomials P, have n positive and simple zeros (see, e.g., [9, 31]) and we can associate
with each polynomial P, the normalized zero counting measure

1
V(P == ) b 22)
Pu(2)=0
where §, denotes the Dirac point mass at z. If v(P,) — v in the sense of weak-x convergence,
which means that

lim fdv(Pn)szdv

for every bounded and continuous function f on R*, then we call the probability measure v
the asymptotic zero distribution of the sequence { P, },>o0.

Monic Laurent orthogonal polynomials with respect to a probability measure on R* satisfy
a three-term recurrence relation of the form

Pn(Z) = (Z - an)Pnfl(Z) - bnlePn72(Z)v nzl, (23)

with a, > 0, b, > 0 and initial conditions Py = 1, P_; = 0. In [15, 31] a Favard theorem
was proven, indicating that any sequence of polynomials which satisfies a recurrence of the
kind (2.3) is a sequence of monic Laurent orthogonal polynomials with respect to a probability
measure on R*. In the introduction we mentioned a finite version of this theorem, used in [9]
to solve the finite RTL. So, it is clear that Laurent orthogonal polynomials with respect to a
positive measure on the positive real line can be studied from their recurrence relation. In [31]
the authors then obtained the following result for the asymptotic zero distribution.

Theorem 2.1. If for the recurrence coefficients in (2.3) we have the limits

lim a, =a > 0, lim b, =b > 0,
n—o00 n—oo
then the asymptotic zero distribution of the (Laurent orthogonal) polynomials P, is given by

the probability measure vy, g) with density

1 y+4/apf
duy, —
U[(iﬂ](y) N S [Tk y € [a, B], 2.4)
Y 0, elsewhere,

whereoz:(«/a+b—«/5)2andﬂ= («/a+b+\/z)2,0<oe < B.
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Remark 2.2. Let 0 < o < . The asymptotic zero distribution (2.4) is equal to the convex
combination vy g) = %wla,ﬂ] + %80,[0(,,31, where

1

dwpa,p(y) : y € la, B,
—= = B0 @

Y 0, elsewhere,

is the arcsine measure on [«, 8] and
o 1 Jap
ddo, 10,61 (¥) = , y € la, B,
T= T yJ(B—y)(y—a)
0, elsewhere,

is the balayage of the Dirac measure §j on [¢, 8] [32, chapter 11, (4.47)]. By [32, example 4.8,
p 118], itis then the unique probability measure on [¢¢, 8] minimizing the weighted logarithmic
energy [U"dv+2 [ Qdv withexternal field Q(y) = % log y. All this is in fact closely related
to a result found in the theory of orthogonal polynomials with respect to varying weights (see,
e.g., [12]) since there exists a probability measure p so that the polynomial P,, defined by
(2.3), is the monic orthogonal polynomial of degree n for the varying measure y~" du(y).

Our goal is to generalize theorem 2.1 to Laurent orthogonal polynomials with varying
recurrence coefficients. A similar thing was done in [22] in the case of orthogonal polynomials.
Let for each N € N two sequences {a, y},>1 and {b, y},>1 of positive recurrence coefficients
be given. We now study the doubly indexed sequence of polynomials {P, x}, generated by
the recurrence

Pyn(@2) = (2@ — ann) Pi—i,n(@) — by, N2 Paa N (2), nzl1, (2.5)

with the initial conditions Py y = 1, P_; y = 0. In particular we are interested in finding the
asymptotic zero distributions

lim v(P, ), x >0,
n/N—x

where the limit is taken over any sequence {v(Pn,., N/.)} > for whichn; — oo, N; — oo and
nj/Nj — x as j — oo. In this manner we find the folfowing result.

Theorem 2.3. Let for each N € N two sequences {a, n}n>1 and {b, n}n>1 of positive
recurrence coefficients be given and suppose there exist two continuous functions a:(0, 0o) —
[0, 00) and b:(0, c0) — [0, c0) for which

n/llivn_l)x anny = a(x), n/lli\ln—l>x b,y = b(x), x > 0. (2.6)

Define for x > 0 the functions o, B from a and b by transformation (1.11). For the doubly
indexed sequence of polynomials { P, y} satisfying (2.5) we then have that

1 X
lim U(Pn,N) = — / Ula(u),B(u)] du, X > 0, (27)
X Jo

n/N—x
where vy ) is defined by (24) if 0 < o < B, by %a)[o,ﬂ] + %80 if0 =a < B and by 8, if

0 < o = B. Here wyg g is the arcsine measure on [0, B].

Remark 2.4. It is clear that, if the a, y and b, y do not depend on N, the functions « and §
are constant. So, the result in theorem 2.1 is a special case of theorem 2.3.

Remark 2.5. The support of the measure (2.7) is given by the interval [info, -, (1),
Supg ., <, B(u)]. This is unbounded if 8 is unbounded near 0.
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A second result in this context deals with the extremal zeros. Here we need the extra conditions
that (2.6) also holds at x = 0, that the limit functions ¢ and b are continuous at x = 0 and that
a + b is a positive function on [0, +00).

Theorem 2.6. Let for each N € N two sequences {a, y}n>1 and {b, n}n>1 of positive
recurrence coefficients be given and let { P, v} be the polynomials satisfying (2.5). Suppose
there exist two continuous functions a:[0, +00) — [0, +00) and b:[0, +00) — [0, +00), with
a+b > 0, for which

Jim oy =at). lm by =be). x>0, 2.8)
and define the functions o and B by transformation (1.11) for x > 0. Furthermore, let y;(n, N)
and y,(n, N) denote the smallest and largest zero of P, y, respectively. We then have

lim yi(n, N) = min o), (2.9)
n/N—x o<ux
(B o ) = s B, 10

for every x > 0.

In section 2.2 we will discuss a general theorem on ratio asymptotics for monic Laurent
orthogonal polynomials with varying recurrence coefficients. This will help us to prove
theorem 2.3 in section 2.3. Finally, we also prove theorem 2.6.

2.2. Ratio asymptotics

We look for the ratio asymptotics of the monic Laurent orthogonal polynomials P, y, defined
by the recurrence relation (2.5) with varying recurrence coefficients. Here we use similar
techniques as in [22] for the case of orthogonal polynomials.

Theorem 2.7. Suppose we have for each N € N two sequences {a, n}n>1 and {b, y},>1 of
positive recurrence coefficients and let { P, y} be the doubly indexed sequence of polynomials
defined by recurrence (2.5). Assume for some fixed x > 0 that

lim a,y =a(x) >0, lim b,y =b(x) >0, 2.11)

n/N—x n/N—>x

and define o(x) and B(x) by transformation (1.11). Furthermore, assume that for some
X* > x there exist ri, ry € R such that ry < a(x) < B(x) < rp and that all the zeros of P, y
belong to [ry, r,] whenever n < x*N. Then

P, 2

im frotv@ 2.12)
n/N—x Py, n(2) 2 —ax)++/(z —ax))? — 4zb(x)

uniformly on compact subsets of C\[ri,r].  Here the square root is such that

\/(z —a(x)?—4zb(x) = J(z—ax)(z—BKE)) is an analytic function of z in
C\[a(x), B(x)], which is positive for z > B(x).

Remark 2.8. This theorem generalizes [31, theorem 4.1] in the case that the @, y and b, y do
not depend on N.

To prove this theorem we need the following lemma, which will be used in the proof of
theorem 2.3 as well. It can be found in [22, lemma 2.2], but we include a short proof for
completeness.
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Lemma 2.9. Suppose that the zeros of the monic polynomials p,_, and p,, with degree n — 1
and n, respectively, are simple and real, interlace and lie in [ry, r;]. Then

pn—l(Z) 1

(a) ’ < = , vz € C\[ry, 2], (2.13)
Pn(2) dist(z, [r1, r2])
Pn—1 (Z) 1 .
(®) ’7 = —, if |zl > max(|r, |ra]). (2.14)
Pn(2) 2|z]
Proof. Denote the real zeros of p, by yi, ..., y,. Since p,_; and p, are monic and their zeros

interlace, there exist ¢; > 0, Z?zl ¢j =1, so that

pnfl(z) _ i Cj

pu(@) - yi

Then note that, because y; € [ri,r2], for all z € C\[r,r] we have |z — y;| =
dist(z, [r1, r2]), 1 < j < n. This immediately proves (2.13).

If |z] > max(|r], |r2]), then |y;/z| < 1 and therefore m(ﬁ) >3 1< j<n
Hence '

1 ¢j 1 ¢j 1 < 1
iz T >m;%’=m7

2l [ L= yi/z| lzl i L= yi/z
which proves (2.14). O
We are now ready to prove theorem 2.7.

Proof of theorem 2.7. For the zeros of the (Laurent orthogonal) polynomials P, y defined by
recurrence (2.5) it is known that they are positive and simple and that, for fixed N, they satisfy
the interlacing property, see, e.g., [9, 31]. As a corollary, every member of

{M:n,NeN,ngx*N}, (2.15)
Pn,N (Z)
satisfies the estimate (2.13), independent of n and N. So, the family of functions (2.15)
is uniformly bounded on compact subsets of @\[rl, r2] and is hence a normal family on
C\[r1, r2]. For each sequence {(n;, N;)};j>1, withn;, N; — oo,n;/N; — x as j — 00, we
have that, if j is sufficiently large, the functions
f,'(Z) — P;,vfl,N(Z)
nj,N (Z)
belong to this normal family (2.15). The sequence {f;};>1 then has a subsequence that

converges uniformly on compact subsets of C\[ry, ]. If we can prove that the corresponding
limit of any such subsequence is

$(z) ==

(2.16)

2

z—a(@) +y/(z —a(x)? —4zb(x)’
then, by a standard compactness argument, the full sequence { f;} ;> converges uniformly on
compact subsets of C\[ry, 2] to ¢. This then proves the theorem.

We now prove that for each sequence {(n;, N;)};> such that n;, N; — oo, n;/N; — x
and the functions {f;};>| converge uniformly on compact subsets of @\[rl, rn]asi — oo,
we have

2.17)

f@) = lim fi(z) = ¢()+ 0™, as 7 — 00, (2.18)
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for each k € N. The uniqueness of the Laurent expansion around infinity then implies that
f(@) = ¢(z). We show this by induction on k. For the case k = 1 we just observe that
#(z) = z7'+0(z7%) and f;(z) = O(z™"), for every j. Next, suppose that this claim is true
for some k = £ > 1 and consider a sequence {(n;, N;)};>1 such thatn;, N; — oo, n;/N; — x
and the functions { f; };> converge uniformly on compact subsets of C\[r}, r2] to some function
f asi — oo. If we define

Pn-72 N(Z)
gi(@) = —"—, z € C\[r1, 2],
P—1.8(2) :
then we obtain from recurrence (2.5) that
i@ =z —an.n, —bu-1.3,28i(2). (2.19)

Note that since x < x* we may assume without loss of generality that n; < x*N;, and so
n; — 1 < x*N;, for every i. This means that {g;};> is a subset of the normal family (2.15)
and therefore, it has a subsequence that converges uniformly on compact subsets of @\[rl, ]
to some function g for which g(z) = ¢(z) + O(z~%) as z — oo by the induction hypothesis.
Passing to such a subsequence and taking i — oo in (2.19) we get

f@T =z—akx) —b(x)zg(2) =z —a(x) — b(x)z¢(z) + Oz, as z — oo.

It is easy to see that

(z —a(x)) (# + (lz("))2 - zb(x)> — b(x)z
z—ax) —b(x)z¢(2) =

7— — 2
S5 (55) T - )

(55)" +2(52)y (557)" — 2b@) + (52) ~ bz
= =97,

z— — 2
gy J(E50) — 2b(x)

(2.20)

sothat f(2)~! = ¢(z) "' + O(~"). Now recall that ¢ (z) = z7' + O(z2), so that we finally
obtain

_ ¢ (2) _ $(2) _ —0\y —i—1
fQ = 15006 = 1060 = $@1+0GE) =@ +0E ",
as z — 00, which completes the proof by induction. (|

2.3. Proofs of theorems 2.3 and 2.6

First of all we give a lemma dealing with the logarithmic potential of the probability measure
U[q,p]- This will help us to prove theorem 2.3.

Lemma 2.10. Let vy g) be the measure defined by (2.4) if 0 < a < B, by %a)[(),/gl + %80 if
0=a < Band by 8, if 0 < a = B. Here wy,p is the arcsine measure on [0, B]. For its
logarithmic potential we then have
=N+ —a)z—p)

2 9
where the square root is such that \/(z — «)(z — B) is an analytic function of z in C\[«, B],

which is positive for z > B. In the case 0 < a < 8 we also have the expression

UL

1 1
T, T A8la 3 - S 8o 3 O ) [S (cy
5 log AL B1(z, 00) S8 A1z, 0) z
(2.22)

UV (z) = —log z € C\[a, B], (2.21)

Uven(z) = —lo
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where gq,8(z, 00) and gs,81(2, 0) are the Green functions for the complement of [a, B] with
pole at co and 0, respectively.

Proof. The case 0 < « = B is trivial since U% (z) = —log |z — «a. We now study the case
0 < a < B for which we noted in remark 2.2 that Ve, p] = a)[a g+ 3() [, 81> with Wla, ] the
arcsine measure on [«, 8] and 30’[(1, g1 the balayage of the Dirac measure ) on [«, 8]. By [32,
(4.2), p 108] and [32, chapter I, example 3.5] we know that

B—a
U“=«?(z) = —log — 8lap1(z, 00), (2.23)
with
27— (+B)+2J/(z—a)(z—PB)
Slapi(z. 00) = |10 B—a ’ 2 € C\[ A, (2.24)
0, z € [a, B,

where the square root is such that /(z — «)(z — B) is an analytic function of z in C\[e, ],
which is positive for z > B and hence negative for z < «. Furthermore, from [32, (4.32),
p 119] we obtain

. 1
U (2) = gla,p)(0, 00) + log (2]~ Sl (z,0), (2.25)

where, by evaluating (2.24) at z = 0,

—(a+p) — 2\/— ‘ B+
26100, = 2.26
8le.£1(0, 00) = «/B— NG (2.26)
since 0 < «. Combining (2.23), (2.25) and (2.26) we then find (2.22).
Using [32, (4.4), p 109] and (2.24) we get
_ 1 _ (a@+ Bz —2af +2/aB/(z —a)(z —
8la.p1(2: 0)-&%%1 (E, OO) = log 2B —a) , (2.27)

for z € C\[«, B], where the square root is such that /(z — @)(z — B) is an analytic function
of z in C\[«, B], which is positive for z > 8. Combining (2.22), (2.24) and (2.27), for the
case 0 < o < 8 we then establish
z—— JiZz—a)(z—B
log
JB+a

UVahl(z) = —=

oz+/3

_11 (z—a)(z—B
2% f+f
Now define a = /aB, b = (/B — J/a)?/4,so that 4(a+b) = (/B+/a)> anda+2b = a;ﬁ.

Next, we also introduce the function

2
= , C\[a, B].
RN EW e ey M

Replacing \/(z — a)(z — B) by 2¢(z) ™' — z + a in (2.28) we then get

7€ C\[o, B]. (2.28)

-1 _ -1
U (2) = — L log ‘ @@ b;(fzwqb(z) )

1 b @) +a — bp@) bz (@) +a)

=-5 log SO a+h) , z € C\[, B]. (2.29)

For the function ¢ we proved in (2.20) that bz¢(z) +a = z — ¢(z)~', so we finally obtain
Uv=p(z) = log|¢p(z)|, z € C\[a, B], which is equal to (2.21).

For the case 0 = o <  we mention that expressions (2.26) and (2.27) are equal to 0 if
o = 0 and that U%(z) = —log |z|. So, the above computations still hold. (Il
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We now prove theorems 2.3 and 2.6.

Proof of theorem 2.3. Let x > 0. First we prove the theorem under the additional assumption
that, for a number x* > x,

0 <r:=6sup{ayn,byn:n <x*N} < oo. (2.30)

Clearly, the convergence (2.6) and the fact that the functions a, b are continuous on (0, c0)
imply that the recurrence coefficients are uniformly bounded if n/N is restricted to compact
subsets of (0, co). So, this condition deals with the behaviour of the recurrence coefficients
for small n/N.

Define for each n, N € N the function Q, y(z) := P, n(2)/z". We know that the zeros
of P, y are simple and positive, and so are the n zeros of O, y. It is easily verified that these
functions satisfy the recurrence

2(On1, N (@) — Oun (@) = ap N Q1. n(@) + b1, N On2 n(2), nzl,

with the initial conditions Qg y = 1, Q1 5 = 0. This implies that the zeros of P, y are also
the generalized eigenvalues for the pair of matrices (F, n, G, n), With

ain 0 0 1 -1 0 0
bin ay - : 0 1 -1
Fn,N: 0 B Gn,Nz 0
: . . . 0 1 —1
0 R 0 bn—l,N ay N o .- T 0 1
(2.31)

If A is such an eigenvalue, then det(AG, y — F, y) = 0. Now define for some « > 0O the
diagonal matrix D, , := diag(«, k2, ..., k™), then also det(D, (AG, Ny — Fn,N)an,l() = 0.
This means that the matrix D, (AG, x — Fy n) D, ,‘( cannot be strictly diagonally dominant.

Since we know that X, k and b;_; y are positive, we see that at least one of the conditions
A .
A —a;n| < — +Kbi_1 N, 1<i<n,
K

must hold, where we take by y := b; y. Assuming n < x*N and « > 1, by (2.30) we then get
that A has the upper bound

)\g max Cli,N+Kbi,1’N \EK(1+K)
1<i<n 1-1 6 k—1
By taking « = 3, we finally get that, under the additional assumption (2.30), the zeros of the

Laurent orthogonal polynomials P, x,n < x*N, are all in the interval [0, r].
Observe that

0 < a(ux) < Blux) = (\/a(ux) +b(ux) + \/b(ux))2

<r (k)
r, (2.32)

A

for each 0 < u < 1. Hence from (2.6) and theorem 2.7 we establish

Prmn @) 2= Joe@x)Bux) +v/(z — ax))(z - ux))
n/N—x P[mﬂ—l,N(Z) 2 ’

(2.33)
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for every z € C\[0, r], where 0 < u < 1 and [un] denotes the smallest integer greater than
or equal to un. Note that

o Pn(@)
Pn = —_—, € N,
~N(2) ,!:[1 Pon@ n
so that
1 1 n P 1 Pou
—log|P,n(2)| = —Zlog‘ﬂ :/ log‘w du (2.34)
n ne= P18 (2) 0 Prum—1,8(2)

We already mentioned that the zeros of the polynomials P, y are positive and simple and that,
for fixed N, they satisfy the interlacing property. If n < x*N, then from lemma 2.9 we get

Pun
dist(z, [0, r]) < ‘w <l el s n
P(un]—l,N(Z)
and so
Pun .
log | TN @) ‘ < max(| log(dist(z, [0, r])) |, | log(2|z])]). (2.35)
Prun-1,8(2)

for |z| > r. By (2.33), applying Lebesgue’s dominated convergence theorem on (2.34) then
gives, for |z| > r,

.1 'z = Vaux)Bux) + /(@ = ax))z — Bux))
lim —log|P, n(2)| = log du
n/N—x n 0 2
_1 fxl Z—x/a(u)ﬂ(u)+«/(z—Ot(u))(z—ﬂ(u))‘
= — og du.
X Jo 2
Because of (2.32) and lemma 2.10 we can conclude that, for |z| > r,
1 1 [
lim UV(Pn,N) z)= lim -log — = — / UVew s (7)dy = U (), 2.36
n/N—x ( ) n/N—x n & |Pn,N(Z)| X Jo ( ) ( ) ( )

where the measure v, acts on an arbitrary Borel set E like

1 X
Ve (E) = ;/ Vla(), g (£) du.
0

Since for n < x*N the zeros of P, y are in [0, r], any sequence {v(Py; n;)};>1 for which
n; — oo, N; - oocandn;/N; — x,as j — 0o, contains a converging subsequence (in the
sense of weak-x convergence). Suppose i, is the limit of such a converging subsequence.
Then supp(i,) C [0, r] and so, from (2.36) we get

U"(2) = U™ (2), lz| > 7, (2.37)

since —log |z — y| is a continuous function on [0, 7] if |z| > r. Note that also supp(v,) =
[inf0<u<x a(u), SUpy_, <, ﬂ(u)] C [0, r]. Both sides of (2.37) are thus harmonic on C\[O0, r],
implying that equality (2.37) holds for z € C\[0, 7]. By the unicity theorem of potentials,
see, e.g., [32, chapter 2, corollary 2.2], we then obtain p, = v,. So, by [3, theorem 2.3] this
proves (2.7) under the additional assumption (2.30).

We now prove the theorem in the general case. Here we need the ith associated
polynomials, with i € N, defined by the recurrence relation

Pn(f])V(Z) = (Z - ar(zi,)N)Pn(gl,N(Z) - br(zill,NZPn(?lN(Z)’ nzl, (2.38)
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with afl';)N = dp+i N, bfZ')N := by N, and the initial conditions Po(,iz)v =1, Pf’l) ~ = 0. If we

multiply (2.5) by P”,_, \(2) and (2.38), after substituting n — n — i, by P,_; y(z) and

subtract the two obtained equations, it is easy to see by induction on » that
n—1

Pian@PY v@) = P y@PunG) =" P n @) [ | b n
k=i

So, it turns out that at each (positive) zero of P, y/P;_i y the polynomials P,_; y and

Pn(?h ~ Pi—1,n have the same sign. Since the zeros of P, y and P,_; y interlace, between each

i

WV

two successive zeros of P, y/P;_; y there is just one zero of P,fi_)inPi,l,N/Pn,N. Then there

existn — i — 1 zeros of P, y which separate those of Pn(?i’ N
Let § > 0 be fixed. From (2.6) we then obtain that

lim a 5" = a(x +9), lim b\ =b(x +39), x> 0.

n/N—x n/N—x
Furthermore, the functions a and b are continuous. So, the set of recurrence coefficients
afL’L’,S\,NJ) , b,(,%‘j\,NJ), with n < x*N, is uniformly bounded for every x* > 0. Hence, from the first
part of this proof we obtain, for x > §,

psND

) 1 x—8
11/1]1Vn_1)xv( n_LgNJ,N) = m/o Ula(ud). paus)) du

1 X
= /8 Vla(w),paoy) it (2.39)

x =96
Note that for N large enough we have |[§N | > 1. Then, for each n, N, with N > 1/4, there
are n — [N | — 1 zeros of P, y which separate the zeros of Pn(f 1sn).v- These zeros then also
have the asymptotic distribution (2.39) as n/N — x and, as a consequence, they give the
contribution

l_é X 1 x
X olu ud — _ a(u ud 2.40
x—afav”)’ﬁ”]u x/;”[(),ﬁ()]“ (2.40)

to the asymptotic zero distribution of the P, y asn/N — x.

The contribution of the remaining [6N] + 1 & (§/x)n zeros of P, y to the asymptotic
zero distribution of the P, y is negligible as § — 0. So, letting § tend to O in (2.40) then
completes the proof. ]

Proof of theorem 2.6. Let x > 0. Since the functions « and 8 are continuous on [0, x], from
theorem 2.3 and remark 2.5 it is clear that the zeros of the polynomials P, y are dense in the
interval [mingg, <. o (#), maxo<u<x B(u)] whenever N — oo and n/N — x. This already
implies

limsup y;(n, N) < min «a(u), liminf y,(n, N) > max B(u).
n/N—>x <usgx n/N—x o<ux
Let Kl(\f) >0,i > 1land D, 3, := diag(/cl(\,l), Kl(vnkl(vz), R ]_[l'.'=1 Kl(\j)) foreachn, N € N.

As shown in the proof of theorem 2.3, the zeros of P,y are also the generalized
eigenvalues for the pair of matrices (F, n, G, n), defined as in (2.31). So, if A is such
an eigenvalue, then det (Dn,,;N AGuN—F,, N)Dn_,IEN) = 0. As an easy consequence the matrix

Dy izy(AGyn — Fn,N)D; }(N cannot be strictly diagonally dominant, giving

Jief{l,....,n} suchthat [A—a;y| < ——=+k" b1y, (2.41)

(@)
Ky

where we take by y := b y, K,(\?) = K,(Vl).
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First of all, with the choice

i ain +b;
l<i@ =14 [BEZTN i>1,
bin
where /c,(\,) = K,(\,) implies ag y := a; n, from (2.41) we obtain
K(i)

yp(n, N) < max #(a,- v+eEp N)
1<i<n "1(\;) 1" N ’

aiN +bi_in i—1, i1,
= max(w/a,N+b,N+w/ zN) +\/bl IN——————————— | -
ISisn vV ai N +bl N 5

From the assumptions of the theorem (limits (2.8) and the function a + b has no zeros), we
then immediately get limsup, y_,, ¥, (n, N) < maxogu<x (1), which completes the proof
of (2.10).

Secondly, choose

ain +b;
0<kli=—14 [N i>1,
bin
where /cl(\,o) = /cl(\,l) again implies ap y := a; n. From (2.41) we then establish
K(i) 1)
N i—
yi(n, N) = 1r<ng W(ai.N_KN bi—i.n)
Ky

aIN+bl 1,N
= min (ya;n +bin —/bin) -
1<i<n /a; N +bz N

which gives liminf,,/y_, . y1(n, N) > minog, <, o (u) by the assumptions of the theorem. This
finally proves (2.9). (I

3. Direct problem for the continuum limit of the RTL

3.1. Definition of the spectral data

In the direct problem we start from operator data a, b € C[0, 1] satisfying
a(x) >0, 0<x <1,
b(x) > 0, 0<x <1, b(0) =b(1) =0.

For each N € N we define the sets of discrete operator data

ax,y = a(k/N) > 0, 1<k<N,
by y = b(k/N) > 0, 1<k N-1,
implying the limits
n/hm ap N = a(x), n/l/ivrgxb,,,]v = b(x), 0<x< 1.

Using the spectral transform for the discrete finite RTL, described in section 1.1, we obtain
sets of discrete spectral data 0 < Ay < --- < Ay yand w;y > 0, Z;V:l w; y = 1, for each
N € N. From these, we define the spectral data for the continuum limit as follows. First, we
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consider the measure o € M;(R"), where M (R") is the set of Borel probability measures
on R*, satisfying

o:= lim — 8 3.1
N—oo N Z Ay @D
in the sense of weak-x convergence. This limit indeed exists and in section 2 we established
an explicit formula in terms of the operator data. Secondly, we assume that there exists a
function R, defined on supp(o), satisfying

1
lim max |—logw;y — R(;nN)| =0. (3.2)

N—00 I<j<N

Since it is not so clear that this limit always exists, this includes an extra condition on the
operator data.

3.2. Spectral data in terms of the operator data

Recall that, for each N € N, the A; y are the zeros of the polynomial Py y, defined by the
recurrence relation

Pyn(@2) = (2 — ann) Pt n(@) — bpoi, N2 P2 N (2), 1<n<N, (3.3)

with initial conditions Py y = 1, P_; v = 0. The next result for the measure ¢ then follows
from theorem 2.3.

Theorem 3.1. Limit (3.1) exists and has the expression

1
o =/O Vla(x). g0 4, G4

where the functions o, B are constructed from a and b by transformation (1.11) and, for
0<a<§p,

1 A+ Jap
durg g1 (h —
U[cii]( ) W A =k A€ la, B, 3.5)

0, elsewhere,

which is the minimizer for the logarithmic energy in the external field %log y among the
probability measures on [, B] (see remark 2.2). Note that 0 < a(x) < B(x),0 < x < 1,
since a, b are positive on (0, 1).

Remark 3.2. The support of o is a bounded interval in (0, +00), given by supp(c) =
[mingg, <1 o (x), maxogy<i B(x)]. Clearly, the Ay y, ..., An y are then dense in this interval
supp(c) as N — oo. Moreover, from theorem 2.6 it follows that limy oAy =
mingg,<1 @(x) and limy_, oo Ay vy = maxog <1 B(X).

Remark 3.3. As a consequence of theorem 3.1 and lemma 2.10 we get

1
UU (Z) — / UWOI(X).ﬁ(X)] (Z) dx
0

1/11 b()dx+11 !
=—= ogb(x og —
2 Jo 2 7z

1 1
—= / (8la).)1(2, 20) + gla(x).px)1(2, 0)) dx.
0

Clearly, if logb(x) = 0o(———) for x | O and x 4 1, then U? is continuous in C.

x(l X)
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Next we assume that the limit in (3.2) exists. As a consequence of remark 3.2, limit (3.2)
indeed defines a function on the bounded interval supp(o), clearly satisfying the continuity
property. Our goal is then to express R in terms of the functions a and b. We can do this
for a rather restricted class of operator data a, b. Here we use a link between the asymptotic
zero distributions of the families of Laurent orthogonal polynomials {P, x}, nven, defined by
recurrence (3.3), and a constrained minimal energy problem in an external field. This directly
follows from a theorem of Dragnev and Saff [11, theorem 3.3], where we need the properties
in remarks 3.2 and 3.3.

Lemma 3.4. Suppose that log(b(x)) = 0( 1 )for x | 0 and x 1 1 and that the

x(l—x)

corresponding sets {AJ'N};V:P {wj,N};V:l, N e N, satisfy the separation condition
3p > Osuchthat min Gy —Ajy) > = VN eN (3.6)
1<j<N-1 N

and the limit relation (3.2). Furthermore, let o be defined by (3.1) and 7.,0 < x < 1, be
the unique measure in MS = {u : p(R) = x and 0 < p < o}, minimizing the logarithmic
energy in the external field —%(x U% + R):
Jr(te;x) = min  Jr(u; x), 3.7
uR)=x,u<o

with

1
Jr(p; x) = // log =y dp(y) du(y') + /(x logy — R(y)) du(y).

For the families of Laurent orthogonal polynomials {P, n}n nen, defined by (3.3), we then
have

1 Ty
li — 5, = —, 0 1, 3.8
im Z 2 P <x < (3.8)

n/N—xn
Py n(2)=0
in the sense of weak- convergence.

Remark 3.5. Since R is continuous on supp(c) C (0, +00), each of these extremal measures
7,0 < x < 1, can also be characterized as the unique measure in M, satisfying the
variational conditions [11, 21]

Zw(ty) A€ SUPP(U —Ty)

x 1
“(A)+=logh— =R(
Um)+ 2 % 2 ( ){gw(rx) A € supp(ty)

(3.9)

for some constant w(z,) € R.

It is possible to weaken condition (3.6), as shown in [2, 11]. However, this is not the most
relevant issue in our analysis. Before stating a theorem about the function R, we discuss some
of its properties.

Lemma 3.6. If the limit in (3.2) exists, then the maximum of R : supp(o) — (—00, 0] is 0.

Proof. Since 0 < w;y < 1,1 < j < N, the function —R is non-negative. Further, by the

discrete version of Laplace’s asymptotic formula, (3.2) and the fact that Z;V:] w;y =1we
obtain

N N
1 1
R(}) = lim —1 NRGyN) = lim —1 § N =0.
)nel;}pap)ia) @) Nl—l;réoN ngle NI—IJ;oN og. le’N
j= j= O
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In analogy with [21, theorem 9.2] we can now prove the following theorem. The extra
restriction (iii) on the class of operator data is basically due to Deift and McLaughlin [10].

Theorem 3.7. Suppose that the operator data a, b € C[0, 1] (and o, B constructed by (1.11)),
witha(x) > 0,0 < x < 1,and b(x) > 0,0 < x < 1,b(0) = b(1) = 0, satisfy the following
conditions:
(i) logb(x) = o(x(l—l_x))forx 1 Oandx 4 1.
(ii) The separation condition (3.6) and the limit relation (3.2) for the corresponding sets
{)\.ij};vzl, {w]‘,]v}yzl, N € N, hold.
(iii) For each ) € supp(o) the set {x € [0,1] : A € [a(x), B(x)]} is an interval, which we
denote by
[x-(A), x4 (M)] :=={x € [0, 1] : & € [a(x), B(X)]}. (3.10)

Then

x_(A)
R(A) = —/ (8l ) (A s 00) + &law), pw)1 (A, 0)) du, A € supp(o), (3.11)
0

where, for some 0 < o < B, gla,p1(2, 00) and gi4.p1(z,0) are the Green functions of the
complement of [a, B] with pole at co and 0, respectively. Recall that 0 < a(x) < f(x),0 <
x < 1, since a, b are both positive on (0, 1).

Remark 3.8. The Green functions g, g(z, 00) and g4,p1(z, 0), with 0 < @ < B, are equal to
Oon [«, B]. Elsewhere they are positive and, as mentioned in lemma 2.10, have the expressions

_ \/f
Stop1(z, 00) = log 27— (a+p)+2/(z—a)(z — B) ’ ¢ e C\la. B,
B—«
_ \/f
Gt (2 0) = log (a+B)z —2ap :(;_mi) (z—a)(z—P) 7 2 e C\lar. B,

where the square root is such that \/(z — a)(z — ) is an analytic function of z in C\[«, 8],
which is positive for z > .

Proof. From lemma 3.4 and theorem 2.3 we get that

IR 3 os= l/x Vewpad,  0<x <1,  (3.12)
X n/N—x n P 4 5=0 - x Jo ’

with vy g1, 0 < @ < B, as in (3.5). From (3.4) and condition (iii) it then follows that
supp(o — 7,) Nsupp(7y) = [a(x), B(x)], 0<x <1,

which changes continuously and is different from a singleton since b(x) > 0, for 0 < x < 1.
In these regions we have equality in (3.9). Clearly, knowing the 7,,0 < x < 1, the
function R is then the unique function, up to a constant, for which there exists constants
w(ty) € R,0 < x < 1, such that

Zw(ty), A €supp(o — 7o),

Sw(tx), A € supp(zy).

From (3.12) and (2.22) we get, for A € supp(o),

U™ 00 + S logh — SR
2 2

x_(A)
x
U™ + 3 log A + 3 /0 (8law),pa (A, 00) + glaq), gy (X, 0)) du

1 1" 1 [~
= ——/ log b(u) du — —/ (8law), (s 00) + law), pan (A, 0)) du,
2 Jo 2 Jew

(3.13)
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where the first integral on the right-hand side is finite because of condition (i). Note that, by
(3.10) and the properties of the Green functions (see remark 3.2),

X
f (&law).pu1 (A, 00) + glaw). pay (X, 0)) du
x_(2)

= / (8la).py) Ay 00) + &law). ) (X, 0)) du.
x4 (A)

Furthermore, we observe that by condition (iii)

resupp(ty) = J [a@w), pw)] = x (W) <x

ou<x

and

resupp(o — ) = [ le@), Bw)] = x <x.0).

x<ugl

Since, by definition, the Green functions are non-negative, we then obtain that there exists a
constant C € R such that w(t,) = —% OX logb(u) du + C and

x_(2)
R(L) = —/ (1o, pa1 (X, 00) + glaw), pa (A, 0)) du + C.
0

Finally, note that the maximum on the right-hand side in (3.11) is O, implying C = 0 by
lemma 3.6. 0

Remark 3.9. For operator data satisfying the conditions (i) and (iii) a method that possibly
helps to show that the sets {wy, N}Q’: | indeed satisfy a limit relation of the kind (3.2) is the
Wentzel-Kramers—Brillouin (WKB) method. This was done for the continuum limit of the
Toda lattice in [10].

4. Evolution of the spectral data

In this section we study the evolution of the spectral data for the continuum limit. Suppose
we have initial operator data a(x, 0), b(x,0) € CI[O0, 1], with a(x,0) > 0,0 < x < 1, and
b(x,0) > 0,0 < x < 1,b(0,0) = b(1,0) = 0. We then define o (0) and R(-, 0) by the
transformation explained in section 3.1. Here we assume the limit (3.2) exists. Now take, for
each N € N,

ap.y(0) =a(k/N,0) >0, 1<k <N,

br n(0) = b(k/N,0) > 0, 1<k<N-1,
as initial discrete operator data for the discrete finite RTL (1.1). The evolution of the

corresponding discrete spectral data (1.5), with the substitution + — N¢, then gives the
evolution o (¢) and R(-, 1).

Theorem 4.1. If the limits (3.1) and (3.2) hold for t = 0, then using evolution (1.5), with
t — Nt, they exist for eacht > 0. In particular, fort > 0,

o(t)=0(0) =o, 4.1)
and

R(A,t) = —At+R(A,0) — Aer;}gg;g)(—)»t + R(X,0)), Aesupp(o). 4.2)
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Proof. As mentioned in the introduction, the A; v, 1 < j < N are time independent, implying
(4.1). Next, from (1.5) we obtain

N
1 1 1 _
5 logw; y(Nt) = —hjnt + 5 logw; x(0) — 5 log <k§:1: wy. v (0)e M«NN’) ) 4.3)

Note that, by the definition of R(-, 0) and the discrete version of Laplace’s asymptotic formula,

N
1 1
lim —1 E — —1 = — R .
N1_r)1(1>CN og (k_l exp |:N( )Lk’NH-N ogwk,N(O)>:|> Aeg:gp)}a)( A+ R(A,0))

So, letting N — oo and taking j(N) such that 1; y — A as N — oo, from (4.3) we finally
get (4.2). O

5. Inverse problem for the continuum limit of the RTL

In the inverse problem we start from sets of discrete spectral data0 < Ay < -+ < Ay n and
wjn >0, Z;V:l w;y =1, N € N, with the following properties. First, suppose that the A ; y
satisfy the separation condition (3.6) and that there exists a probability measure o, for which
supp(o) is a bounded interval in (0, +00) and U? is continuous on C, such that

lim A y = min(supp(o)), lim Ay y = max(supp(c))
N—o0 N—o00

and limit (3.1) holds. Secondly, assume there exists a continuous function R : supp(c) —
(—o00, 0] satisfying (3.2).

Remark 5.1. Note that if these conditions hold for # = 0 then they hold for each r > 0
following evolution (1.5) of the discrete finite RTL with t — Nt (see theorem 4.1).

By the inverse spectral transform for the discrete finite RTL, described in section 1.1, we
obtain corresponding sets of discrete operator dataa, y > 0,1 <n < N,and b, y > 0,1 <
n < N—1,N € N. The following theorem shows that if there exist continuous functions
a,b: (0,1) — (0, +00) such that

lim a,y =a(x), lim b,y = b(x), O0<x<l1, 5.1
n/N—x n/N—x

(under some conditions) they can be obtained by solving the equilibrium problem (3.7).

Theorem 5.2. Suppose we have discrete spectral data satisfying the properties mentioned
above and that for the corresponding discrete operator data limits (5.1) exist. Furthermore, let
7., 0 < x < 1, the unique measure in M¢ minimizing the logarithmic energy in the external
field —%(xU‘S“ + R), see (3.7). If the sets ¥.(t,) := supp(c — t,) Nsupp(ty),0 < x < 1 are
all intervals different from a singleton, then

Y(ty) = [a(x), B(x)], 0<x<l, (5.2)

where the functions o, B are constructed from a and b by transformation (1.11).

Proof. Let {P, v}, be the Laurent orthogonal polynomials with respect to the discrete
measure Z?’zl w; N6y, for each N € N. By the properties assumed on the discrete spectral
data we can apply [11, theorem 3.3] in order to obtain

1 x
im -~ Y s =2, 0<x<l. (5.3)

n/N—xn X
/ Py n(2)=0
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Then, define y, § : (0, 1) — supp(c) C (0, +00) by

X(tx) = [y (x), ()], 0<x<l.
Because of theorem A.10 (a), see the appendix, for each A € supp(o) the set {x € (0, 1) :
A € [y(x), 6(x)]} is an interval. This implies that for y and § the interval (0, 1) can be split
in two intervals where the function is monotone. So, y and § only have a countable number

of discontinuity points and the conditions of theorem A.10 (b) with ¢ = % and v = §, are
fulfilled. Together with (5.3) this gives

1 1 [
lim —log—— = — UVr@swl(z) du, z € C\supp(ty), 0<x<l1.
o gan,N(z)| x/o (2) \supp(zy)

5.4

Since we assumed that limits (5.1) exist, we also get from theorem 2.3 that supp(c) =
[minog, <1 a(x), maxogag1 B(x)] and

1 1

. /llivrgx . log Pv@l =7 /0 Uve-pol(z) du, z€ C\[Ogligxa(u), or\n,f‘éxﬂ(”)]’
(5.5)
foreach 0 < x < 1. Combining (5.4) and (5.5) we then obtain, for each fixed z € C\supp(o),
Ulrswl(z) = Ve bol(z), xe(0,1) ae.

By the unicity theorem of potentials, see, e.g., [32, chapter II, corollary 2.2], this implies that
Uy (x),6(x)] = Vlax).fx)]> and so [)/(x), 8()6)] = [a(x), /3()6)], for almost every x € (0, l)
Note that ¢, 8 are continuous and that by theorem A.10 (a) the functions y, § are either left- or
right-continuous in each of their discontinuity points. The equality then holds forall x € (0, 1)
which proves (5.2). O

Remark 5.3. Since the measures 7, are increasing in x € (0, 1), the operator data @ and b we
find in this way clearly satisfy condition (iii) of theorem 3.2.

From the equilibrium problem (3.7) we get nth root asymptotics for the polynomials P, y
(defined as in the proof of theorem 5.2). To remove the assumption that limits (5.1) exist, we
would need a stronger asymptotic formula like that for the ratio P,_; /P, y. As in the case
of discrete orthogonal polynomials, for discrete Laurent orthogonal polynomials this is still
an open problem.
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Appendix. Buyarov—Rakhmanov-type formula for families of extremal measures in an
external field linearly depending on the mass of the measure and with a constraint on R

A.l. Introduction

In this appendix we generalize a theorem of V S Buyarov and E A Rakhmanov concerning
families of extremal measures, see [6]. In particular we consider measures constrained by
a probability measure on the real axis and, secondly, allow that the external field linearly
depends on the mass of the corresponding extremal measure.
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First of all we introduce some notation and assumptions which will be fixed throughout
this appendix. Denote by M;(R) the set of Borel probability measures on R and let o be a
constraint, satisfying

(1) o € M;(R) with compact support;
(ii) U%(z) = — [log|z — y|do (y) is continuous in C.

Note that condition (ii) implies that o has finite logarithmic energy / (6) = [ U°do. Next, let
Q : supp(o) — (—o0, +00) be continuous, and hence an admissible external field. Finally,
let Q¥ = —cU", where 0 < ¢ < 1 and v is a probability measure of compact support disjoint
from supp(o), both fixed throughout this appendix. Note that x Q¥ + Q is then a continuous
function on supp(o) for each x € (0, 1).

We now consider for each x € (0, 1) the problem of minimizing the logarithmic energy
in the external field x Q¥ + Q, which is

Jegreo(n) = I(p) +2/(xQ” + Q) du € (-0, +00], (A.D)

among all measures in M? = {u : u(R) = xand 0 < pu < o}. Here by u < 0 we mean
that o —  is a positive Borel measure. In this context we then get from [11, theorem 2.1] the
following results.

Theorem A.4. Suppose o, Q and Q" satisfy the assumptions mentioned above. For each
x € (0, 1) there exists a unique measure t, € M such that

]va_,.Q(‘Cx) = min Jva+Q(,lL) < +00. (A.2)
nemg
Moreover, if we define for each pu € M the constant
w(p) = min  U"Q)+x0"(A) +Q(H), (A.3)
A€supp(o—p)
then T is also the unique measure in M, satisfying the variational conditions
2 w(rx)a A€ Supp(a - TX)?
(A Y(x A A4
U ()+XQ()+Q(){<w(rx), A € supp(y), (A4

or the maximization problem w(t,) = max,cpe w ().

Remark A.5. For any measure 4 € M¢ we can write U#* = U? — U ™*. We know that
U* and U?~* are lower semi-continuous, so condition (ii) then implies that U* is continuous
in C.

Remark A.6. By remark A.5, for any u € M¢ we have that U* + x Q" + Q is continuous on
supp(o). This implies that we can indeed drop the ‘a.e.” in the first inequality of (A.4).

Remark A.7 (Dual problem). It is easily verified that ¢ — 7, is the solution of minimizing
the logarithmic energy in the continuous external field (1 —x) Q" — (Q + @V + U?) among all

measures in M{__, see [11, corollary 2.10].

Before stating our main result concerning this minimization problem we need to introduce
some other concepts. For each compact set E C supp(o’) of positive capacity we define vg as
the corresponding extremal measure associated with the external field Q¥ = —cU",0 < ¢ < 1.
(Here ¢ and v are fixed throughout this appendix.) This means that vg is the unique element
in M (E) so that

Jor(Vg) = min Jov = min [ +2 Vdu.
0 (VE) i ov (1) oin () /Q u



A continuum limit of the RTL 3359

As an easy consequence of the properties of balayage measures (see, e.g., [32, chapter II,
example 4.8]), we get that vg = cDg + (1 — ¢)wg, where Dg is the balayage of v onto E and
g 1s the classical equilibrium distribution of the compact set E. Indeed, U“# is constant on
E quasi-everywhere and for some constant C we have U = U" + C quasi-everywhere on E.
We then get that there exists a constant Fg so that

U (L) + Q"(A) = Fr, AeE qe. (A.5)

which is another way to define vy among the measures in M/ (E) uniquely.

Remark A.8. The function UY* is continuous in C\supp(vg) and continuous quasi-
everywhere in C, see [32, chapter I, theorem 4.4].

Remark A.9. Note that UY* + Q¥ = U5~ is subharmonic in C\E, continuous quasi-
everywhere in a neighbourhood of E (since E is disjoint from supp(v)) and bounded from
above at infinity. Applying the generalized maximum principle, by (A.5) we then get

U (z2) + Q" (2) < Fg, zeC.

In this appendix we prove the following theorem.

Theorem A.10. Let 0 € M (R) have compact support and continuous logarithmic potential.
Furthermore, let Q be continuous and Q¥ = —cU", where 0 < ¢ < 1 and v a probability
measure of compact support disjoint from supp(c). Then the following holds for the
corresponding extremal measures t,,0 < x < 1, in the external field x Q" + Q and with
constraint o.

(a) The map x +— 1t isincreasing on (0, 1) which means that, for € € (0, 1 —x), the difference
Tyrre — Ty IS a positive Borel measure. This implies that

lim 7, = 7., xe(0,1),

u—>x

in the sense of weak-x convergence.

(b) Let X(ty) := supp(ty) Nsupp(oc — 1), then X(t,) is compact. Furthermore, define the
capacity of an arbitrary Borel set as its inner capacity, see, e.g., [37, chapter I, (1.10)].
Under the condition that the sets

No :={x € (0, 1)|cap(=(zy)) = 0}, (A.6)

N*:={x € (0, 1)|cap (Z(rx)\ U(supp(rx) N supp(oc — rx+e))> # 0}, (A7)
e>0

N. = {x € (0, D)|cap (mm\ Jsupp(ze—e) N supp(o — u))) #0) (A.8)
e>0

are countable, the measures t, satisfy the representation

Ty :/ Usi(r,) du. (A.9)
0

Part (a) of this theorem was already proven in [19, proposition 4.1] in the case ¢ = 0. The
proof of the more general case will be similar. Also note that, for ¢ = 0, part (b) was posed
as an open problem in [1]. Some progress in this context was obtained in [23, theorem 2.1],
[10, chapter 4], [20, lemma 3.1, theorem 3.3] for some special constraints and external fields.
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A.2. The proof of theorem A.10

Proof of theorem A.10 (a). In order to simplify some of the expressions below we introduce
for each x € (0, 1) and each € € (0, 1 — x) the notation

(0 — Ty; €) 1= supp(Ty+c) Nsupp(o — 7y), (A.10)
Y (ty; €) := supp(ty) N Supp(o — Trse), (A.11)

which are compact sets.

We now study the function U™ — U™+ — e Q". Set @ = C\X (0 — t,; €). It is then easy
to see that (7, — Ty+e) | (Which denotes the restriction of T, — 7,4 to the set £2) is a positive
measure. Since

UTX (Z) _ foﬂ (Z) _ EQU(Z) — UTX?TXH_KCV(Z)

— U(T,x*rm)\ﬂ(z) + U@ te)lze-mio (2) +ecU"(2),
this implies that the left-hand side is superharmonic in the domain €2. Next, note that the
total mass of t, — T4 + €cv (with compact support) is less than or equal to 0, hence U™ —
U™+ — € Q" is bounded from below at infinity. Finally, from remark A.5 we obtain that this

function is continuous in C\supp(v), where supp(v) is disjoint from X (o — 1,; €).
By theorem A.4 we get that

TR0 +20°G) + Q) {>w(rx>, ) € supp(o — 7, w
Sw(to), A €supp(ty),
and
Tere v ZW(Txte), A € supp(0 — Tue),
UrM)+(x+6)0" (M) +00) {gw(rm), A € SUpp(Tese). (A.13)
This implies
U = U™ ) —€Q"(A) 2 w(ty) — w(Tese), L€ X(o—156), (A.14)

and by the generalized minimum principle for superharmonic functions [32, chapter I,
theorem 2.4] this inequality then holds for A € C. Together with (A.12) and (A.13), we
then also establish

U = U™ ) —€Q"(M) = w(ty) — w(Tese), A€ X(ty; €). (A.15)
All this implies X(t,;€) < supp((ty — Ty4e + €cv)_) or, equivalently, (T, — Tyie +
€cV)|x(z;e) < 0 by the fact that a superharmonic function attains its minimum at the boundary
(or see [32, chapter IV, theorem 4.5]). This means that 7|5 (z,;¢) < Ty+els(r,:e), SINCE SUPP(V)

is disjoint from X (z,; €). On the complement of X (z,; €) we have either 7, = 0 or T,y = 0
which then completes the proof of the first part of theorem A.10. (I

To prove the second part of theorem A.10 we need some technical lemmas.

Lemma A.11. If E| C E, are both compact subsets of the real axis, then
cap(E;) =cap(E;) <& cap(Ex\E;) =0. (A.16)

Proof. Note that this is evident if cap(E;) = 0. Let cap(E) = cap(E,) > 0, implying
wEg, = wg,. Since E| is a subset of R, from the maximum principle for harmonic functions
we then have that U“%2(z) < —log(cap(E,)) for z € C\E;. Note that U*% is constant
quasi-everywhere on E,, so we certainly have cap(E,\E;) = 0.

The other implication easily follows from the definition of capacity. O
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A second lemma deals with the convergence of potentials.

Lemma A.12. Let i, be a sequence of positive measures with supp(i,,) S K and K compact.
If lim, oo by, = W in the sense of weak-x convergence (wWhere | has finite mass), then
lim,,_, oo U*" = U" uniformly on compact subsets of C\K .

Proof. Let z € C\ K and consider an arbitrary sequence z,, — z. We easily get that

U“"(Zn) = _flog {

Note that there exists a constant C > 0 such that |z — ¢| > C for each ¢ € K. Furthermore,
without loss of generality we can assume that |z — z,,| < C for each n € N. This immediately

gives
og Z"_g‘<10g<1+ ><|Z"_Z|
z—¢C C
Zn_z

in — { 10g< _g_ ) 210g (1 _ |an Z|>’

implying that the ﬁrst term in the right-hand side of (A.17) tends to 0. Then note that
—log |z — ¢] is a continuous function on K, so we finally get lim,,_, . U*"(z,) = U*(z). This
then proves the lemma. (|

dun(§) + U™ (2). (A.17)

Zn_Z

z—¢

1

and

log

Finally, recall that for a compact set E C supp(c) of positive capacity we have vy =
cVg + (1 — c)wg. From [32, (4.2), p 108] and [32, chapter II, theorem 4.7] we can then easily
deduce that

1
Fr = c/gE(g,w) dv(¢)+ (1 —c¢)log m, (A.18)

where gg(z, 00) is the Green function for the complement of E with pole at co. Using the
notation (A.6), (A.7), (A.10) and (A.11) we can now prove the following.
Lemma A.13. For every x € (0, 1)\(Ng U N*) we have
(a) lig)l Us(1,:6) = Us(r,) IN the sense of weak-x convergence,
€

(b) lim Fse.o0 = Fx-
€l0

Secondly, for every x € (0, 1)\ Ny for which

cap (ﬂ Yo — 1y, e)\E(rx)) =0 (A.19)

e>0

we have
(d) lirgl Us(o—1,:¢) = Us(r,) IN the sense of weak-x convergence,
€l ’

(b') leiﬂ)l Fso—1:60) = Fxr-

Proof. First of all we fix x € (0, 1)\(No U N*). From part (a) of theorem A.10 we see
that X (z,; €) is an increasing family of compact sets if € | 0. By [25, lemma 2.10] we
then get cap (Ue>0 2 (Ty; e)) = lim. o cap(X(zy; €)), implying cap(X(zy; €)) > O for very
small € > 0. We now only look at such €. Note that all the measures vs (.., are supported
on X(t,), which is compact. So, for each sequence of e-values converging to zero, the
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corresponding sequence of measures vy, .c) has a converging subsequence in the sense of
weak-» convergence. Suppose now that €, — 0 and lim,_, o Us(r,:¢,) = W, Where u is a
probability measure on X(t,). Since for eachn € N

Ueem (2) + 0%(2) = Fxe,) 7€ X(T,:€) Qe

and cap (Z(t2)\ U,en Z(t2: €2)) = 0 we have
liminf U0 (2) + 0¥(2) = liminf Fye.cps 2 € £(5)  qe.
n—oo n—o0

So, applying the lower envelope theorem [32, chapter I, theorem 6.9] we then obtain
U2)+ Q") =liminf Fyire).  2€Z(m) ge.

This means that i = vy, from which, by [3, theorem 2.3], we can conclude part (a) of the
lemma. We then also established

lim inf FE(‘[X;E) = FE(U)
€l0

which gives part (b) since by (A.18) it is clear that Fx (. decreases if € | 0, implying a limit.

Secondly, note that from part (a) of theorem A.10 we see that X (o — 7,; €) is a decreasing
family of compact sets if € | 0. Now, let x € (0, 1)\ Ny such that (A.19) holds. Clearly,
cap(X (o — 145 €)) > 0 for every € > 0 and all the corresponding measures Us (;—z,;¢) are
supported on the compact supp(o). Thus, for each sequence of e-values converging to zero,
the corresponding sequence of measures Ux,—r,:¢) has a converging subsequence in the sense
of weak-x convergence. Let ¢, — 0 and lim,_, Us(,;,) = M, then u is a probability

measure on E* := ﬂneN Y (0 — 14; €,). By (A.5) we have

liminf Uv=e-w (z) + 0V (2) = liminf Fx_z,.c,), z€ E* qe.,
—00 !

n—0o0 n

and, applying the lower envelope theorem,
UM(Z) + QU(Z) = lim inf FE(J—TX;G/,)v Z € E* g.e..
n— 00
So, we established that © = vg«. Since this measure has no mass on sets of capacity zero, by
(A.19) also ;= vy (y,), giving part (a’) of the lemma by [3, theorem 2.3]. Furthermore,

lim inf Fz(g,-[x;g) = F):(-L-X)
el
which gives part (b) since Fxs—r,:c) increases if € | 0, implying a limit. ]
We are now ready to continue the proof of theorem A.10.

Proof of theorem A.10 (b). From part (a) of theorem A.10, supp(z,) is an increasing family
of compact sets. So, the increasing function cap(supp(z,)) has at most countably many
discontinuity points. For a continuity point x we have, since capacity is upper continuous and
by lemma A.11, that

cap (ﬂ supp(rm)) = cap(supp(zy)) or cap (ﬂ supp(fx+e)\sur>p(rx)) =0.

e>0 e>0

This immediately implies that

N* = {x € (0, 1)|cap (ﬂ (o — Ty 6)\E(rx)> # 0}

e>0

is countable.
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Fix x € (0, )\(No U N* U N*) and € > 0 small enough such that cap(Z(t,; €)) > O.

We explained already in the beginning of the proof of lemma A.13 that this is possible.
Furthermore, we clearly have cap(2(z,; €)) > 0. Now, define the two functions

Gi(z) == U5 (2) — eU""™9(z), (A.20)

Gy(z) :=U"""(2) + eU w9 (). (A.21)

In part (a) of the theorem we proved that 7. — T, iS a positive measure. So, G is

superharmonic in C\ X (t,; €), continuous quasi-everywhere in C (by remarks A.5 and A.8)
and bounded at infinity. Recalling (A.15), we also have

Gi(A) =U™""(A) +eQ" (W) —e (U2 () + 0" (1))
= W(Txse) — W(Ty) — €Fx(r.:6)s A€ X(te;€) q.e..

From the generalized minimum principle for superharmonic functions [32, chapter I,
theorem 2.4] we then obtain

GI(Z) = w(fx+e) - w(Tx) - GFE(TX;G)y zeC. (A22)
Now, by (A.14) we get

W(Tyte) — wW(Ty) 2 /\(Urﬁein + GQV) dUE(U—Tx§E)

= /(U“E‘“*W‘) + O")d(Tege — To) + c/(UT”‘_’X — eUvrewo) dy,

where the last step is allowed since supp(v) is disjoint from supp(o). Since T, — T, i
c-absolutely continuous (which means that they have no mass on zero capacity sets) and
supported on X (0 — ty; €), by (A.5) and (A.22) we then have

W(Trse) — W(Ty) 2 €Fs gzt C/ Gidv +ec /(UUE(U:F) — UvEe—mo) dv
2 GF):(ofr,;e) + C(w(rx+e) - w(rx) - GFE(TX;G))

+EC/ (UUE(TX;E) _ UUZ(U—U:G))dV’
implying
€ (Fro—rs0 = cFra0) + €
1—-c¢ 1—c
Combining this with (A.22) we then finally conclude that
U (z) = U™ (2) S FE(a—rx;e) - FE(rx;s)

€ 1—c¢
c

(T — w(r) > / UV — gPsoo) d,

+
1—c¢

/.(UUZ(rx:e) _ UUE(J—IX:S)) dv + UUE(IX;G) (Z), (A23)

for each z € C.

Secondly, the function G, is superharmonic in C\X (o0 — 7y; €) since T4 — Ty iS a positive
measure on X (0 — T,; €), continuous quasi-everywhere in C by remarks A.5 and A.8 and
bounded at infinity. From (A.14), we also obtain

Go(M) =U"""(A) —eQ"(W) +e (U2 (1) + Q" (1))
Z W(Ty) — W(Tyse) + €Fxo-r,:6) rLeX(o—1i€) qe.
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which then by the generalized minimum principle implies
GZ(Z) P w(fx) - w(Tx+e) + GFZ(U—I,C;E)v zeC. (A24)

In a similar way as above, by (A.15) we have
W(Ty) — W(Tyrte) = v/(UnirHe —€0") dus(r,:e)

= — /(U“E“‘*’ + OV d(Teqe — Tx) +c/(eU“E‘”*) — U™ ™) dv.
By remark A.9 and (A.24) we then establish
W(Tx) — W(Tyre) = —€Fxr ) + c/ Godv + ec/(U“W“" — Uvre-ma) dy
> —€Fxi0+c(W(t) — W(Tiee) + € Fyo—r,0))
+ec f (UVseso — PUsewa) dy,

so that

6(CF‘E(ofrx;e) - Fz(rx;e)) L e
l-c 1—c¢

Finally, combine this with (A.24) to find

U™ @) = U@ _ Fro — Frono

~
€ 1—c¢

¢ / (UUZ(G—L\»:E) _ UUE(’-“‘))dU + UUZ(U—U:G) (Z), (A25)

w(l'x) _ w(TX+€) 2 /(UUzm:e) _ UUE(U—U:E)) dv.

+

1—c¢
for each z € C.
Lete | 0in (A.23) and (A.25). By lemmas A.13 and A.12 and since the compact supp(v)
is disjoint from the compact supp(o), we first of all obtain
. UT.HE (Z) _ fo (Z)
lim ——
€l0 €
for each x € (0, 1)\(No U N* U N*), where Ny U N* U N* is countable (by the assumptions

of the theorem). As an easy consequence of the fact that N, is countable and remark A.7, we

also have
U (@)= U@ _ U (@) = UT ()
lim = lim

€l0 —€ €l0 €

— UU:(H)(Z)’ Z E (C\Supp(d),

— UUZ("‘)(Z), z € (C\SUPP(O'),

for each x € (0, 1), except for a countable set of points. Thus, there exists a countable set
N C (0, 1) such that, for each x € (0, 1)\ N, the set X (z,) has positive capacity and

d
UM @ =U""0), z € C\supp(o). (A.26)

Let w, the Borel measure in M, (supp(c)), acting on an arbitrary Borel set E like

Mx(E)=/ Vs (g, (E) du,
0

which is well defined since N, is countable. Next, let z € C\supp(c) be fixed. Since
—log |z — y| is continuous on supp(c), by the definition of integration we then get

U"-‘(z):/ Uvs@ (z) du.
0
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Note that there exists a constant C such that [log|z — y|| < C for each y € supp(c). So,
since |[UV*@ (z)| < C for each u € (0, 1)\ Ny and by theorem A.10 (a), it is easy to see that
U™ (z) — UM+ (z) is a continuous function of x € (0, 1). Together with (A.26) we also obtain
that % (U%(z) — UM (z)) = 0foreach x € (0, 1)\N. Furthermore, since 7, and u, converge
to the zero measure in the sense of weak-x convergence if x tends to zero and —log |z — y| is
continuous on supp(o),

h?Ol U™(z) — U™ () =0.

By [7, theorem 6.3.10], all this implies that, for each fixed z € C\supp(o),

U™(z) —U"(z) =0, x €(0,1).
From the unicity theorem [32, chapter II, corollary 2.2] we then finally establish (A.9) for
each x € (0, 1). O
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